A geometric spanning tree of a point set S is a tree whose vertex set is S and whose edge set is a set of non-crossing straight line segments with endpoints in S. Given a set of red points and a set of blue points in the plane, the red/blue spanning tree problem is to find a geometric spanning tree for red points and a geometric spanning tree for blue points such that the number of crossing points of the two trees is minimum. If no three points are collinear, we show that the minimum number of crossing points is completely determined by the number of maximal red chains on the convex hull of all red points and blue points. We design an optimal algorithm for constructing a geometric spanning tree of all the red points and a geometric spanning tree of all the blue points with the minimum number of crossing points. If collinear points are allowed, we prove that the problem of deciding whether there exists a geometric spanning path of all the red points and a geometric spanning path of all the blue points without crossing is NP-complete.
Introduction
Let R be a set of red points and B be a set of blue points in the plane. In this paper, we investigate the problem of finding a geometric spanning tree for R and a geometric spanning tree for B such that the number of crossing points of the two trees is minimum. This problem has many applications. For instance, a hydro company may wish to connect their water pipelines to a set of sites R, and an energy company may want to connect their gas pipelines to a set of sites B in the same area. They want to design a network with fewest intersections between water pipelines and gas pipelines. Similar problems come up in other applications such as telecommunications, road network design, VLSI, and medical imaging.
For a pair of points a and b in the plane, we use ab to denote the straight line segment (edge) with endpoints a and b. A polygon is defined by a finite set of edges such that every endpoint of edges is shared by exactly two edges and no subset of edges has the same property. A polygon is simple if there is no pair of nonconsecutive edges sharing a point. A simple polygon partitions the plane into two regions, the interior (bounded) and the exterior (unbounded) that are separated by the simple polygon. The union of a simple polygon and its interior is called a polygonal region. For a sequence of ordered points p 1 , p 2 , . . . , p n in the plane, we use p 1 p 2 . . . p n (n ≥ 3) to denote a polygon with vertices p 1 , p 2 , . . . , p n , and use (p 1 , p 2 , . . . , p n ) (n ≥ 1) to denote a chain with vertices p 1 , p 2 , . . . , p n , where p 1 and p n are endpoints of the chain. For a pair of straight line segments, if their intersection is an interior point of at least one of the segments, then this point is called a crossing point; if their intersection is a segment, then they have an infinite number of crossing points. Let S be a set of points in the plane. We use |S| to denote the number of points in S. The convex hull of S, denoted by CH(S), is the boundary of the smallest convex domain in the plane containing S. A geometric spanning tree of S, denoted by ST(S), is a tree whose vertex set is S and whose edge set is a set of non-crossing straight line segments with endpoints in S. For a polygonal region A, the boundary of A is a simple polygon, denoted by bd(A).
Throughout this paper, let R be a set of red points and B be a set of blue points in the plane satisfying R ∩ B = ∅. The red/blue spanning tree problem is to find ST(R) and ST(B) such that the number of crossing points of two trees is minimum. We use ST * (R) and ST * (B) to denote an optimal solution for the red/blue spanning tree problem, and use cr(R, B) to denote the number of crossing points between ST * (R) and ST * (B). Suppose that CH(R ∪ B) contains at least one red point and at least one blue point. A red (resp. blue) chain (u 1 , u 2 , . . . , u m ) (m ≥ 1) on CH(R ∪ B) is maximal if any longer chain on CH(R ∪ B) which contains (u 1 , u 2 , . . . , u m ) must contain at least one blue (resp. red) point. If CH(R ∪ B) contains both red and blue points, then the number of the maximal red chains is equal to that of the maximal blue chains.
The main results of this paper can be stated as follows: Note that O((|R| + |B|) log(|R| + |B|)) running time is optimal because even constructing a geometric spanning tree for R takes Ω(|R| log |R|) time when collinearity of points is allowed. The red/blue spanning tree problem can be considered as a special geometric version of the crossing number problem [4, 5] . 
